We study the bulk viscosity of neutron star matter including Λ hyperons in the presence of quantizing magnetic fields. Relaxation time and bulk viscosity due to both the non-leptonic weak process involving Λ hyperons and direct Urca processes are calculated here. In the presence of a strong magnetic field of 10 17 G, the hyperon bulk viscosity coefficient is reduced whereas bulk viscosity coefficients due to direct Urca processes are enhanced compared with their field free cases when many Landau levels are populated by protons, electrons and muons.
I. INTRODUCTION
R-mode instability plays an important role in regulating spins of newly born neutron stars as well as old and accreting neutron stars in low mass x-ray binaries [1] . Gravitational radiation drives the r-mode unstable due to Chandrasekhar-Friedman-Schutz mechanism [2, 3, 4, 5, 6, 7, 8, 9, 10] . R-mode instability could be a promising source of gravitational radiation. It would be possible to probe neutron star interior if it is detected by gravity wave detectors.
Like gravitational radiation, electromagnetic radiation also drives the r-mode unstable through Chandrasekhar-Friedman-Schutz mechanism. There exists a class of neutron stars called magnetars [11] with strong surface magnetic fields 10 14 − 10 15 G as predicted by observations on soft gamma-ray repeaters and anomalous x-ray pulsars [12, 13] . The effects of magnetic fields on the spin evolution and r-modes in protomagnetars were investigated by different groups [14, 15, 16] . On the one hand, it was shown that the growth of the r-mode due to electromagnetic and Alfvén wave emission for strong magnetic field and slow rotation could compete with that of gravitational radiation [15] . On the other hand, it was argued that the distortion of magnetic fields in neutron stars due to r-modes might damp the mode when the field is ∼ 10 16 G or more [14, 16] .
The evolution of r-modes proceeds through three steps [17] . In the first phase, the mode amplitude grows exponentially with time. In the next stage, the mode saturates due to nonlinear effects. In this case viscosity becomes important. Finally, viscous forces dominate over gravitational radiation driven instability and damp the r-mode. This shows that viscosity plays an important role on the evolution of r-mode. Bulk and shear viscosities were extensively investigated in connection with the damping of the r-mode instability [1, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] . In particular, it was shown that the hyperon bulk viscosity might effectively damp the r-mode instability [25] . However all these calculations of viscosity were performed in the absence of magnetic fields. The only calculation of bulk viscosity due to Urca process in magnetised neutron star matter was presented in Ref. [37] . This motivates us to investigate bulk viscosity due to non-leptonic process involving hyperons in the presence of strong magnetic fields. It is to be noted that the magnetic field in neutron star interior might be higher by several orders of magnitude than the surface magnetic field [38] . Further it was shown that neutron stars could sustain strong interior magnetic field ∼ 10 18 G [39, 40] .
The paper is organised in the following way. In Section II we describe hyperon matter in strong magnetic fields. We calculate bulk viscosity due to the non-leptonic process involving Λ hyperons and due to leptonic processes in Section III. We discuss results in Section IV and a summary is given in Section V.
II. HYPERON MATTER IN MAGNETIC FIELD
We describe β equilibrated and charge neutral neutron star matter made of neutrons, protons, Λ hyperons, electrons and muons within a relativistic mean field approach [41, 42] .
The baryon-baryon interaction is mediated by σ, ω and ρ mesons. In the absence of magnetic field, the baryon-baryon interaction is given by the Lagrangian density [43, 44] 
The scalar self interaction term [43, 44, 45] is,
and
In mean field approximation, the effective mass of baryons B is
where σ is given by its ground state expectation value
The scalar density is given by
The chemical potential for baryons B is
where I 3B is the isospin projection and
The total baryon number density is n b = B n B .
Now we consider the effects of strong magnetic fields on hyperon matter. The motion of charged particles in a magnetic field is Landau quantized in the plane perpendicular to the direction of the field. We solve Dirac equations for charged particles using the gauge corresponding to the constant magnetic field B m along the z axis as A 0 = 0, A = (0, xB m , 0).
In the presence of a constant magnetic field, the Lagrangian density for protons is taken from Ref. [46] . The positive energy solutions for protons are
with ξ = √ b x − ky qBm and b = qB m .
The positive energy spinors, U ν (k, x), [47, 48, 49, 50] are given by
where ǫ ′ = p 2 z + m * 2 p + 2νqB m . The proton number density n p and scalar density n p S are given by [46] 
where
Maximum number of Landau levels populated is denoted by ν max and the Landau level degeneracy g ν is 1 for ν = 0 and 2 for ν > 0. Similarly, we treat noninteracting electrons and muons in constant magnetic fields.
The total energy density of neutron star matter is
Similarly the total pressure of the system is given by
The relation between pressure and energy density defines the equation of state (EoS).
III. BULK VISCOSITY
The macroscopic compression (or expansion) of a fluid element leads to departure from chemical equilibrium. Non-equilibrium processes cause dissipation of energy which is the origin of bulk viscosity in neutron stars. Weak interaction processes bring the system back to equilibrium. In this calculation, we consider the non-leptonic reaction
as well as direct Urca (dUrca) processes which are represented by
where l stands for e or µ. When the chemical equilibrium is achieved, chemical potentials involved in above reactions satisfy µ n −µ Λ = 0 and µ n −µ p −µ l = 0 respectively. In this case the forward and reverse reaction rates, Γ f and Γ r are same. The departure from chemical equilibrium due to macroscopic perturbation gives rise to the difference between forward and reverse reaction rates, Γ = Γ f − Γ r = 0. For a rotating neutron star, the r-mode oscillation provides the macroscopic perturbation which drives the system out of chemical equilibrium.
The real part of bulk viscosity coefficient can be written as [51] 
wherex i = n i /n b is the equilibrium fraction of i-th species, ω is the angular velocity of (l, m) r-mode and τ is the microscopic relaxation time. For a neutron star rotating with angular velocity Ω, the angular velocity (ω) of (l, m) r-mode is given by
We are interested in l = m = 2 r-mode in this calculation. The relaxation time is given by
where δµ refers to the chemical imbalance. Here Γ is the total reaction rate.
The partial derivative of pressure with respect to neutron number density can be evaluated from the EoS under consideration as
The total derivative dx n /dn b can be evaluated numerically. Now, we calculate relaxation times for above mentioned processes in presence of magnetic field B m using the EoS as described in section II.
A. Non-leptonic process
Here we consider the non-leptonic process given by Eq. (18) . In this case, only protons are affected by magnetic fields. The reaction rate is given by (25) k p iz and k p f z being the z component of momenta of initial and final protons respectively and k n and k Λ denote momenta of neutrons and Λ hyperons. The Pauli blocking factor is given by
with the Fermi distribution function at temperature T
The matrix element W f i is given by
The invariant amplitude squared for the process is
In calculating the matrix element given by Eq. (28) we use the solutions of Dirac equation
for protons in magnetic field given by Eqs. (12) and (13). We also assume that the magnetic field is so strong that only zeroth Landau level is populated. Now we integrate over k p iy and
Here the subscript δ(k y ) denotes that this condition has been imposed on the quantity within the parenthesis. Next we perform the integration over k n and k Λ and write
The delta function of z-components of momenta implies
Here we note that when protons occupy only the zeroth Landau level, they have momenta along the direction of magnetic field i.e. in z direction. Hence we have k pz = k Fp . Then depending upon whether the initial and final protons are moving in the same or opposite direction we have k Λz − k nz = 0 or k Λz − k nz = 2k Fp . Next we perform the angle integrations using δ(k z ) and change variable k to ǫ to get
Here the subscript θ int denotes the angle integrated value. As particles reside near their
Fermi surfaces in a degenerate matter we replace momenta and energies under integration by their respective values at their Fermi surfaces.
The matrix element squared is rewritten as,
As δµ << kT , the energy integration of Eq. (32) can be written as [51] 
Finally we get
The expression of the reaction rate for a zero magnetic field is given by [51] 
where the angle averaged matrix element squared is same as given by [51] .
Now the quantity δµ/δx n in Eq. (22) is to be evaluated under the condition of total baryon number conservation [51] δn n + δn Λ = 0,
which leads to
Further we have
Here D is the same as given by Eq. (24). Next we evaluate the relaxation time of the non-leptonic reaction at a given baryon density using Eq. (22) along with Eqs. (35), (38) and (39) .
As soon as we know the relaxation time, we can calculate the bulk viscosity coefficient ζ due to the non-leptonic interaction at a given baryon density from Eq. (20).
B. Leptonic processes
Here we consider dUrca processes involving nucleons, electrons and muons in a magnetic field. The forward reaction rate for this process is then given by [47, 48, 49] 
Here F (ǫ n , ǫ p , ǫ l ) is given by
Using the solutions of Dirac equations for protons and electrons in magnetic field, we obtain the matrix element
Firstly we treat the case following the prescription of Baiko and Yakovlev [48] when protons and electrons populate large numbers of Landau levels. In this case, we have sn,sp
where F is Laguerre functions for both protons and electrons [48] . The forward reaction rate is given by,
As there is chemical imbalance due to the perturbation, the reverse reaction rate (Γ r ) differs from the forward reaction rate and the net reaction rate is given by [26, 48] 
One important aspect of dUrca process is the opening of this channel in the forbidden regime K Fn > K Fp + K F l which was otherwise closed in field free case [48] . The dUrca process also operates in the allowed domain K Fp + K F l > K Fn in the presence of a magnetic field. We adopt fitting formulas for R qc B in both domains as given by Ref. [48] . Next we focus on the case when both protons and electrons populate zeroth Landau levels [47, 48, 49] . In this case we write the matrix element as
In a magnetic field neutrons will be polarized because of their anomalous magnetic moments. Hence for two different spin states of neutrons, matrix elements should be evaluated separately. The invariant amplitude squared is then
and ± signs denote the up and down spins respectively. The spinors for non-relativistic neutrons are given by
For non-relativistic protons in the zeroth Landau level, the spinor has the same form as given by Eq. (52). For spin down relativistic leptons in the zeroth Landau level, the spinor is given by
For spin up and down neutrons, invariant amplitudes squared are
Following the same procedure as described in subsection III A and neglecting the neutrino momenta in momentum conserving delta functions, the final expression of forward reaction rate Γ f is given by
Similarly we have,
It is to be noted that z-component of neutrino momentum is smaller than its energy. We
Now if the reverse reaction rate is Γ r and there is slight departure from chemical equilibrium δµ, then the net reaction rate is [26] ,
Using the following result from Ref. [26] 
we get
The zero magnetic field result is given by
where 
We take the potential depth U Λ = −30 MeV as obtained from the analysis of Λ hypernuclei [54, 56] .
We adopt a profile of magnetic field given by [57] , For leptonic processes, relaxation times are affected by the magnetic field. For the field free case, the dUrca process sets in at 1.4n 0 . In the magnetic field, relaxation times due to dUrca reactions drop sharply from large values in the forbidden domain
This is attributed to the behaviour of R qc B which we discuss in details in connection with bulk viscosity due to dUrca processes below. The forbidden domain joins with the allowed domain K Fp + K Fe > K Fn at a point from which relaxation times increase with baryon density. Like the non-leptonic case, relaxation times for dUrca processes also increase with decreasing temperature. Now we focus on the calculation of bulk viscosity due to the non-leptonic and leptonic processes. As soon as we know relaxation times of non-leptonic and leptonic reactions, we compute bulk viscosity coefficients for the respective processes from Eq. (20) . In this calculation we consider l = m = 2 r-mode and hence ω = 2/3Ω. Further we take Ω = 3000s −1 . In the temperature regime considered here, we have always ωτ << 1 for the nonleptonic process involving Λ hyperons. Therefore, we neglect that term in the denominator of Eq. (20) to calculate the hyperon bulk viscosity. The partial derivative of pressure with respect to neutron number density is calculated from the EoS using Eq. (23) and the total derivative of neutron fraction with respect to baryon density is computed numerically from the EoS. As the relaxation time is a function of temperature, the bulk viscosity coefficient ζ also depends on temperature. The bulk viscosity coefficient for the non-leptonic process in a magnetic field with B c = 10 17 G (dashed curve) and in the absence of a magnetic field (solid curve) are exhibited as a function of normalised baryon number density in Fig. 6 at different temperatures. The non-leptonic reaction involves protons that populate many Landau levels in the magnetic field with B c = 10 17 G. In this case, we adopt the field free expression of the reaction rate as given by Eq. (36) for the calculation of relaxation time and hyperon bulk viscosity coefficient in Eq. (20) . Therefore, the effects of magnetic field enter into hyperon bulk viscosity coefficient through the EoS which is modified by Landau quantization of charged particles. In Fig. 6 , we find hyperon bulk viscosity in the magnetic field is suppressed compared with the field free case.
We display bulk viscosity coefficient for the dUrca process in a magnetic field with B c = 10 16 G and at a temperature T = 10 11 K as a function of normalised baryon density in Fig. 7 .
In this case electrons and protons populate many Landau levels. The dotted line represents the dUrca contribution in the forbidden domain K Fn > K Fp + K Fe . In this regime, reaction kinetics are characterised by two parameters x = 17 G and at different temperatures as a function of normalised baryon density. In both cases contributions to bulk viscosity coefficients due to dUrca processes come from the forbidden as well as allowed domains. As discussed above, the forbidden domain merges with the allowed domain at x = 0. For temperatures T = 10 9 and 10 10 K, bulk viscosity coefficients due to dUrca processes increase with baryon density. However the bulk viscosity for T = 10 11 K initially decreases and later increases with baryon density. This behaviour can be understood in the following way. For dUrca processes at 10 11 K, we have ωτ < 1. On the other hand, we find ωτ > 1 for dUrca processes at 10 9 K and 10 10 K. Consequently bulk viscosity coefficients have a T 4 dependence when ωτ > 1 whereas it has a T −4 dependence when ωτ < 1. This inversion of temperature dependence of dUrca bulk viscosity coefficients is not found in the case of hyperon bulk viscosity. and 10 17 G are enhanced in the allowed domain at higher baryon densities than those of field free cases. We find an inversion of the temperature dependence of dUrca bulk viscosity coefficients at 10 11 K. We briefly discuss the effects of a superstrong magnetic field ∼ 10
19
G on hyperon and dUrca bulk viscosities when zeroth Landau levels of charged particles are populated. However, such a superstrong magnetic field may not be a possibility in neutron stars.
In this calculation, we adopt the field free hyperon bulk viscosity relation when protons populate large number of Landau levels. This may be an approximate treatment of the actual case. However the exact treatment of the effects of a magnetic field on the non-leptonic bulk viscosity would be worth studying when protons populate many Landau levels. Further the investigation of bulk viscosity in magnetic fields has important implications for the r-modes 
